We present a mechanical model for internal oscillations in geysers with "bubble trap" 10 configurations, where ascending gas or vapor becomes trapped beneath the roof of a cavity that 11 is laterally offset from the eruption conduit. We consider two cases, one in which the trapped gas 12 behaves as an isothermal ideal gas, and one where it is treated as isenthalpic steam. In both cases 13 the system behaves as a damped, harmonic oscillator with a resonant frequency that is sensitive 14 to the conduit geometries and fluid volumes. We use the model to predict internal oscillation 15 frequencies for Old Faithful geyser, in Yellowstone, USA, using conduit geometry constraints 16 from the literature, and find that the frequencies predicted by the model are consistent with 17 observations (~1 Hz). We show that systematic frequency increases during the recharge cycle, 18 when the fluid volume of the system is increasing due to recharge, are consistent with either a 19 decrease in the amount (both volume and mass) of trapped gas or vapor, a decrease in the 20 eruption conduit area, or a combination of both. 21 22
INTRODUCTION 23
Geysers have intrigued scientists for centuries (e.g., Mackenzie, 1811; Bunsen, 1847) , 24 but despite this long history of research, some aspects of their internal dynamics remain poorly 25 understood. While it is clear that geysers erupt by converting thermal energy into mechanical 26 energy via vapor generation in response to depressurization (e.g., Kieffer, 1977; Steinberg et al., 27 1981) , geysers also display dynamic behaviors during quiescent periods between eruptions, 28 where the fluid pressure in the eruption conduit oscillates at characteristic frequencies (Birch and 29 Kennedy, 1972; Hutchinson et al., 1997; Kedar et al., 1998; Karlstrom et al., 2013; Munoz-Saez 30 et al., 2015) . Internal oscillations in geysers could be produced by resonant excitation of fluid in 31 the conduit, by the passage of bubbles, or by oscillatory motion of all fluids filling the conduit, 32 the case considered in detail here. 33
Most extant geyser models have conceptualized the conduit system as one or more 34 vertical pipes/chambers (e.g., Steinberg et al., 1981; Dowden et al., 1991; Ingebritsen and 35 Rojstaczer, 1993; Kagami, 2010; Anatolyevich, 2013; O'Hara and Esawi, 2013; Namiki et al., 36 2014; Munoz-Saez et al., 2015; Alexandrov et al., 2016) , but geophysical and videographic data 37 from several geysers has recently provided evidence for the existence of a laterally offset cavity, 38 referred to henceforth as a 'bubble trap' (Belousov et al. 2013 ) that is connected to a vertical 39 eruption conduit by a horizontal feeder (e.g., Cros et al., 2011; Belousov et al., 2013; 40 Vandemeulebrouck et al., 2013; Vandemeulebrouck et al., 2014) . In a system with this geometry, 41 ( Figure 1 ) ascending non-condensable gas or superheated vapor cannot escape the bubble trap 42 unless the total gas volume exceeds some threshold (e.g., Belousov et al., 2013; Adelstein et al. 43 2014) . As a consequence, fluid in the eruption conduit loads a compressible volume of trapped 44 gas, and the response of this coupled system to perturbations provides a plausible explanation forthe pressure oscillations observed during recharge (e.g., Vandemeulebrouck et al., 2014) . 46
Previous efforts have modeled the dynamic behavior of a liquid column overlying a gas bubble 47 in a vertical conduit (e.g., Dowden et al., 1991; Kagami, 2010; Alexandrov et al., 2016) , but a 48 complete mechanical model for oscillations within geysers with a bubble trap has not been 49
developed. 50
We generate an equation for fluid motion by considering the force balance across the gas-51 liquid interface in an idealized geyser system with a bubble trap offset from the conduit. We 52 consider two different scenarios for the thermodynamic behavior of the gas volume in response 53 to a pressure perturbation: 1) the volume behaves as an isothermal ideal gas, and 2) the volume 54 behaves as isenthalpic steam. We show that in both cases the system behaves as a damped, 55 harmonic oscillator with a resonant frequency that depends on the conduit geometry and the 56 volumes of gas and liquid in the conduit system. The ideal gas and steam assumptions yield 57 similar results for the parameter space we explored, and we develop an analytical formula for the 58 resonant frequency that closely matches our modeling results. We apply the model to pressure 59 data recorded in the eruption conduit of Old Faithful geyser in Yellowstone National Park, USA 60 (Kedar et al., 1998) , and find that we can reproduce the oscillation frequencies observed during 61 the geyser's recharge phase using parameters that are consistent with videographic (Hutchinson 62 et al., 1997) and geophysical (Vandemeulebrouck et al., 2013) constraints of the subsurface 63 conduit geometry. 64 65
DYNAMIC MODEL OF A GENERALIZED BUBBLE TRAP CONFIGURATION 66
In its simplest form a bubble trap configuration includes a reservoir connected to a 67 conduit (Figure 2 ). The connection between the conduit and the reservoir is some distance (H)beneath the roof of the bubble trap, and as a result, any gas entering the system either condenses 69 or is trapped. The gas-liquid interface is located some distance (z 1 ) above the horizontal 70 connector, such that when z 1 = H the bubble trap is completely full of liquid, and when z 1 = 0 it is 71 completely full of gas. The total liquid volume is given by V l = S b z 1 + S c z 2 , where z 2 is the liquid 72 level in the eruption conduit, and S b and S c are the cross-sectional areas of the bubble trap and 73 eruption conduit, respectively. The gas volume is given by V g = S b (H-z 1 ). 74
To develop an equation of motion for the gas-liquid system we assume that the liquid 75 mass and volume are constant, such that , yielding: 76
where S r = S b /S c , and C =V l /S c . A force balance across the gas-liquid interface yields 80
, where p g is the gas pressure, F i is the inertial force exerted by the liquid mass on the gas, F h is 82 the hydrostatic load on the gas, F f is viscous drag from wall friction, and F s is surface tension. 83
We can apply Newton's second law for a variable mass system (because liquid mass 84 moves between the conduit and the reservoir) to derive an expression for the inertial force (F i ): 85 , (3) 86
where r is liquid density. The hydrostatic load on the gas (F h ) is determined by the difference 88 between the liquid level in the bubble trap and eruption conduit, and is given by: 89
90
Friction in pipe flow is proportional to the pipe dimensions, the roughness of the pipe 92 walls, and the flow velocity, and acts in the direction opposite to the flow. Here we assume that 93 the friction term is controlled by conditions in the eruption conduit because in natural systems it 94 is expected to be taller and narrower than the bubble trap, and thus has a higher surface area per 95 unit volume with correspondingly higher flow velocities (Eq. 1). Neglecting friction in the 96 bubble trap, we can use the Darcy-Weisbach equation to express the friction force associated 97 with flow in the eruption conduit as: 98
99
where f D is the Darcy friction factor. We note that the Darcy-Weisbach equation assumes steady 101 unidirectional flow, and that more complete treatments of oscillatory pipe flows exist (e.g. 102 Pedocchi and Garcia, 2009 ). However, we adopt it here for simplicity and explore values of the 103 friction factor that encompass the range that would be representative of oscillatory flows. 104
If the surface area, S b , of the bubble trap is large enough, then the gas-liquid interface is 105 approximately planar and surface tension can be ignored (i.e., F s = 0). We can substitute 106
Equations (2-4) into the force balance to derive an equation of motion for the gas-liquid interface 107 in the bubble trap: 108
. (6) 109
The response of the gas pressure to a change in z 1 depends on the thermodynamic 112 behavior of the two-phase system, which determines the relationship between p g in Equation 6, 113 gas volume and mass, and temperature. We consider two cases. First, a bubble trap filled with an 114 ideal gas, and second, a bubble trap filled with water vapor (steam). Both cases may be relevant 115 to natural systems in that some geyser fluids may contain both non-condensable gases and water 116
vapor (e.g. Hurwitz et al. 2016 ) 117
The Ideal Gas Model 118
For simplicity, we assume isothermal conditions in our analysis and treat the gas volume as an 119
Ideal Gas (e.g., Kagami, 2010) : 120 ,
where n is the number of moles of gas, R is the gas constant, and T is the gas temperature. This 122 approach neglects any heat and mass transfer between liquid and vapor phases, as well as heat 123 transfer with the conduit walls, but these processes occur over time-scales that are long relative 124 to the propagation time of pressure pulses in the conduit system, so we ignore them for the 125 purpose of studying the instantaneous system response to small perturbations. 126
This non-linear equation of motion can be solved numerically to show that under 127 physically plausible parameterizations the system behaves as a damped, harmonic oscillator 128 (Figure 3) . To relate the resonant frequency to the model parameters we use an approximate 129 solution to the equation of motion (Eq. 6) formulated by considering small oscillations about an 130 equilibrium state. Consider solutions of the form: 131
where is an equilibrium solution to Eq. 6 and ( ) is an oscillatory perturbation of the form 133 Ae iωt where the amplitude A << . Differentiating Eq. (6) with respect to t, we obtain:
We introduce an effective bulk modulus K for the bubble trap. Here, this is the isothermal bulk 136 modulus for an ideal gas. We can re-write the pressure time derivative in Eq. 9 as * = -OP QFP . 137
Substituting Eq. 9 and its derivatives, and cancelling terms, we obtain: 138
We drop all terms of order O( " ) and obtain an expression for the resonant frequency: 140 determine the initial vapor volume, total liquid volume, and the initial vapor pressure p g (0). We 151 then obtain the saturation specific enthalpy h sat,0 for the initial vapor pressure and volume using 152 the steam tables. Given the initial volume, specific volume, and specific enthalpy, we can 153 calculate density, and hence vapor mass. We integrate Equation 6 numerically from these initial 154 conditions, using the steam tables to calculate vapor pressure at constant specific enthalpyh=h sat,0 . For small oscillations, we can again predict the frequency of oscillations using equation 156 (11), substituting an isenthalpic bulk modulus K h (calculated numerically). We show the 157 approximate result based on Equation 11 together with a numerical solution in Figure 4 and 158 Figures S5-9 , demonstrating excellent agreement. 159 160
RESULTS 161
To explore the model behavior, we adopt a reference set of parameters representative of 162
Old Faithful Geyser (OFG) in Yellowstone National Park, USA (Table 2 ). We performed a suite 163 of calculations in which the bubble trap liquid level (z 1 ) is perturbed away from equilibrium by 164 an amount F a , and then allowed to oscillate freely. In the natural systems, this perturbation could 165 be the injection of vapor or gas into the bubble trap from a deeper part of the system, or could be 166 associated with conduit processes such as bubble ascent, expansion, and collapse, that perturb the 167 pressure boundary condition at the gas-liquid interface in the bubble trap. Viscous resistance 168 causes the system to behave as a stable, damped oscillator. Thus for sufficiently long periods of 169 integration the system will always return to its static equilibrium position. We systematically 170 varied each of the parameters independently to assess their effect on the oscillation frequency 171 and the system phase space trajectory. We first discuss results for the isothermal ideal gas (IG) 172 model and then consider the isenthalpic steam (S) model. In sections S1-S2, we also provide a 173 non-dimensional form of the governing equations and discuss the sensitivity in terms of the 174 dimensionless parameters. 
DISCUSSION 195
We have developed a mechanical model for the internal oscillations in a geyser with a 196 bubble trap. We find that for plausible parameter choices the system behaves as a stable, damped 197 oscillator, and that the oscillation frequency depends on the conduit geometry and the amount of 198 liquid and gas in the conduit system. If the conduit and bubble trap geometry of a particular 199 system can be constrained, then the model could be used to estimate the total fluid volume and 200 the relative fractions of liquid and gas when the system oscillates in-between eruptions.
For the Ideal Gas model, we assumed isothermal conditions in order to permit a simple 202 treatment of gas compressibility and addition of mass to the system, similar to the formulation of 203 Kagami (2010) . However, the oscillation frequency predicted by our model depends on the 204 compressibility of the gas filling the bubble trap, and the compressibility of steam can differ 205 from that of an isothermal ideal gas by an order of magnitude at equal temperature and pressure 206 conditions, owing to condensation and vaporization during (de-)compression (e.g. Kieffer 1977, 207 Grant and Sorey, 1979) . Since water vapor is likely to be the dominant gas phase in most natural 208 geyser systems (e.g., Hurwitz and Manga, 2016, and references therein), our steam model is 209 preferred over the IG model although it is more complicated owing to the necessity of using 210 steam tables, rather than an analytic formula, to calculate the gas properties. 211
To test the applicability of our steam model to natural systems we use it to compare 212 model predictions with the pressure data acquired in OFG's eruption conduit by Kedar et al. 213 (1998) . These data were collected over a 30-minute time interval in October 1994 during the 214 geyser's recharge phase, starting when the water level was ~15 m below the surface. We adopt a 215 reference set of parameters (Table 2) parameters that yield resonant frequencies of 0.7 and 1.0 Hz. We find that our model reproduces 223 the observed oscillation frequencies for the reference set of parameters, and that the systematicfrequency increase during recharge could result from either a decrease in the vapor volume (an 225 increase in z 1 ) or a decrease in the conduit cross-sectional area S c . We address each possibility in 226 turn. 227
During the recharge period leading up to an eruption, the vapor occupying the bubble trap 228 must be in thermodynamic equilibrium with the immediately underlying liquid water. As 229 additional fluid is added to the system, the conduit liquid level increases, increasing hydrostatic 230 pressure in the bubble trap. Some condensation occurs to heat the underlying liquid and maintain 231 equilibrium as the saturation temperature increases with increasing pressure. The amount of 232 vapor condensation required to maintain equilibrium when fluid is added to the system depends 233 on the thermal state of the system and the conduit dimensions (the larger the liquid-gas interface, 234
i.e., S b , the more condensation required for a given pressure increase). We performed 235 calculations using the steam model in which fluid mass is added to the system (Figure 6 ). The 236 enthalpy of the added fluid was chosen such that it was much higher than the saturation enthalpy 237 at the initial temperature and pressure of the bubble trap. As high-enthalpy fluid is added, we 238 calculate self-consistently the new temperature of the fluid in the bubble trap (steam, which in 239 this case may include condensed water) and the liquid in the geyser system. As high-enthalpy 240 fluid is added to the system, the bubble trap vapor volume increases, and the oscillation 241 frequency decreases slightly, opposite to the observed trend. 242 Down-hole observations of the conduit of OFG (Hutchinson et al., 1997) , reveal that S c 243 decreases by a factor of about two over the height interval from 10 m to 13 m considered in our 244
analysis. This decrease in S c can explain the observed increase in the oscillation frequency even 245 if the vapor volume increases (Figure 7) . Thus, if the geyser is recharged with high-enthalpy 246 vapor, the internal oscillation frequency increase observed during the recharge period isconsistent with the observed change in the conduit area. Conversely, if the geyser is recharged 248 with near-saturation enthalpy steam then significant amounts of condensation may occur as the 249 hydrostatic load on the vapor increases during recharge, and the vapor volume may decrease, 250 with a commensurate increase in z 1 . This scenario could also explain the observed increase in the 251 oscillation frequency during recharge (Figure 7) . Lacking constraints on the thermal state of the 252 recharge fluid we cannot formally distinguish between the possibility that the frequency 253 increases as a result of a decrease in the conduit area vs. a decrease in vapor volume, or some 254 combination of the two. However, the videographic data of Hutchinson et al., (1997) clearly 255 shows that S c decreases significantly over the conduit interval in question, suggesting that the 256 conduit area may exert a primary control on the oscillation frequency. In-situ pressure and 257 temperature measurements in the eruption conduit of a geyser in El Tatio, Chile suggest that 258 fluids in a geyser conduit are cooler than the saturation temperature immediately following an 259 eruption and gain enthalpy during the recharge phase (Muñoz-Saez et al. 2015) . Thus, it is likely 260 that fluid added to the system during the recharge phase has higher-than saturation enthalpy, and 261 significant condensation of vapor is unlikely to be caused by fluid addition. 262
While we enforce thermodynamic equilibrium between the liquid and vapor in the bubble 263 trap when mass is added to the system, we do not account for disequilibrium heat/mass transfer 264 between the vapor and liquid phases. We thus assume that the bubble trap vapor undergoes 265 isenthalpic expansion and contraction on the timescale of internal oscillations, which is short 266 relative to the timescale of disequilibrium heat/mass transfer. The latter timescale depends on the 267 kinetics of mass transfer across the vapor-liquid interface as well as the rate of convective 268 mixing within the bubble trap liquid and heat transfer with the eruption conduit liquid. These 269 issues can be addressed by incorporating a more complete thermodynamic treatment of thecomplete geyser system, including a model (e.g., relaxation model, Bilicki, and Kestin, 1990; 271 Bilicki et al., 1998) for disequilibrium mass transfer between the vapor and liquid phases. 272
However, this work is beyond the scope of the present paper, and should not affect our principal 273 results governing short-period internal oscillations. We note that some geysers, including Old 274
Faithful (Vandemeuelebrouck et al., 2013) and laboratory analogs (Adelstein et al., 2014) , 275 exhibit multi-modal behavior with more than one resonant frequency, and disequilibrium heat 276 and mass transfer between the vapor and liquid phases may explain the longer-period resonances. 277
The conduit geometry employed in our model is a highly idealized representation of a 278 natural system. In natural systems the conduit geometry is expected to be considerably more 279 complex, with potentially large variations in the conduit cross-sectional areas as a function of 280 depth, and a bubble trap that could be comprised of multiple, inter-connected cavities or 281 permeable zones, as opposed to a single reservoir. While the eruption conduit geometry of some 282 systems has been constrained, we do not yet have detailed constraints on the bubble trap 283 geometry for any system. Constraining the size and shape of bubble traps in natural systems is 284 thus an important objective for future research that would significantly improve our ability to 285 model and understand the origin of oscillations and other geyser behavior. Constraints on bubble 286 trap geometry may come from ground deformation (Rudolph et al. 2012; Vandemeulebrouck et 287 al. 2014) , microseismicity (e.g. Cros et al. 2011; Vandemeulebrouck et al. 2013) , or downhole 288 exploration (e.g. Hutchinson et al. 1997; Belousov et al. 2013; Muñoz-Saez et al. 2015) . We also 289 idealize the fluid filling the conduit and lower region of the bubble trap as being incompressible. 290
A more complete treatment of fluid compressibility in the liquid is beyond the scope of the 291 present study but remains an important goal for future work. 292
The damping term (Eq. 4) in our equation of motion is subject to considerable uncertainty 293 because there is no closed-form, theoretical expression for viscous dissipation in pipe flow unless 294 the flow is laminar, which is unlikely to be the case in a natural geyser system with rough 295 conduit walls. In principle, the damping coefficient in Eq. 4 could be set to match the amplitude 296 decay rate observed in a natural system, but, as can be seen in the Old Faithful pressure data 297 (Figure 4) , it may be difficult to estimate the decay rate in a system that is continually perturbed, 298 and in any case it would be difficult to attribute any physical meaning to the coefficient value 299
given the uncertain nature of the dissipation equation, itself. However, the damping term does 300 not affect the oscillation frequency, so these uncertainties do not affect the ability of the model to 301 fit specific frequencies observed in a data record. 302
The presence of a bubble trap likely has dynamical consequences beyond the modulation 303 of internal oscillations. Including a bubble trap in a laboratory geyser can lead to multi-modal 304 eruption behavior (Adelstein et al., 2014) , and similar effects may occur in natural geysers 305 though our model does not provide a means to study eruption-cycle behavior. 306 
